Sarnak obtained the asymptotic formula of the sum of the class numbers of indefinite binary quadratic forms from the prime geodesic theorem for the modular group. In the present paper, we show several asymptotic formulas of partial sums of the class numbers by using the prime geodesic theorems for the congruence subgroups of the modular group.
Introduction
The aim of the present paper is to study the asymptotic distributions of the class numbers h(D). It is well-known that as D → ∞ (see, e.g. [Mo] ). Furthermore, Gauss conjectured and Siegel [Si] actually proved that 
n≥1 (D/n)n −1 and the analysis of the growth of the sum of L(1, χ D ). However, there have never been good estimates of D<x h(D) because the distribution of the fundamental units ǫ(D) is complicated.
In 1982, Sarnak [Sa1] proved the following asymptotic formula.
It is easy to see that the above is equivalent to
He proved (1.2) and (1.3) by expressing the prime geodesic theorem for SL 2 (Z) in terms of quadratic forms with a one-to-one correspondence between the primitive hyperbolic conjugacy classes of SL 2 (Z) and the equivalent classes of the primitive indefinite binary quadratic forms. We note that the asymptotic formulas (1.2) and (1.3) were extended to the binary quadratic forms over imaginary quadratic integers ([Sa3] ) and the ternary quadratic forms [DH] in the studies of harmonic analysis of three dimensional hyperbolic manifolds and real rank two locally symmetric symmetric Riemannian manifolds respectively. The asymptotic behaviors (1.1) and (1.2) and their proofs are different to each other; one is obtained by the analytic number theoretic way and the other is essentially done by the harmonic analytic one. In the present paper, we study the growth of partial sums of h(D) over the discriminants D with ǫ(D) < x to analyze more detail distributions of the class numbers from the side of "ǫ(D) < x. For partial sums of class numbers, Sarnak [H2] studied the growth of the sum over D = t 2ν − 4 (ν ≥ 1) and the author did it over p | D with a fixed prime p ≥ 3. The main results in this paper is as follows.
Then we have
(ii) Let C p be a set of conditions such that
Then, for any distinct p 1 , · · · , p l and C p i ∈ C p i , we have
At the end of this paper, we give some experimental (unproven) results for the asymptotic behaviors of the class numbers and compare the results to Cohen-Lenstra's heuristics.
Proof of the theorem 2.1 Quadratic forms and the modular group
It is well-known that there is a one-to-one correspondence between the primitive hyperbolic conjugacy classes of the modular group and the equivalent classes of the primitive indefinite binary quadratic forms. The correspondence is described as follows (see e.g. [G] ).
where Fact 2.1. Suppose that γ is a primitive hyperbolic element of SL 2 (Z). Then we have
Selberg's zeta function and the prime geodesic theorem
Let H be the upper half plane with the hyperbolic metric and Γ a discrete subgroup of SL 2 (R) such that the volume of Γ\H is finite. We denote by Prim(Γ) the set of primitive hyperbolic conjugacy classes of Γ and N(γ) the square of the larger eigenvalue of γ ∈ Prim(Γ). The Selberg zeta functions for Γ are defined as follows.
It is known that Z Γ (s) is analytically continued to the whole complex plane as a meromorphic function of order 2. By virtue of the analytic properties of Z Γ (s), we can obtain the following asymptotic formula called by the prime geodesic theorem (see, e.g., [He] ).
where li(x) := x 2 (log t) −1 dt and the constant δ (0 < δ < 1) depends on Γ. According to Fact 2.1, we have
Congruence subgroups
LetΓ(N) be the principal congruence subgroup of level N ≥ 1 defined bŷ
where I is the identity matrix and Z
N := {α ∈ Z/nZ | α 2 ≡ 1 mod N}. It is easy to see thatΓ
where N = p|N p r is the factorization of N.
We call that Γ ⊂ SL 2 (Z) is a congruence subgroup of level N if Γ ⊃Γ(N) and Γ ⊃Γ(M) for any M > N. According to [H2] , for a congruence subgroup Γ, we see that
where
and δ ∈ {0, 1} is given as 4 | D − δ 2 . For N = p r , a power of prime number, we define the following congruence subgroups.
where ω is a generator of the cyclic subgroup of order p r−1 (p + 1)/#Z (2) p r in the multiplicative group of the quadratic extension of (Z/p r Z)/Z (2) p r . We further define the following congruence subgroups for N = 2 r .
Γ(2 r ; 3) :
Actually calculating χ Γ (g(D, j)), we get the following results. 
otherwise.
(ii) The case of p ≥ 3;
(iii) N ≥ 1 is an integer;
Here
Proof of the theorem. LetĈ be a condition for (
For a congruence subgroup Γ of SL 2 (Z), denote by
we can get the desired results for N = 2 m . Furthermore we have the following lemma (see [H2] ).
Lemma 2.2. Let Γ be a congruence subgroup of level N = p|N p r . Then there exist congruence subgroups Γ p r of level p r such that Γ = ∩ p|N Γ p r , and it holds that
Therefore we getμ
Problems
In this section, we give several problems for asymptotic behaviors of the class numbers. 1. Estimate the asymptotic behavior of
for the condition C in Theorem 1.1. Is it true that it behaves ∼ β(C)x 3/2 as x → ∞ for some constant β(C) > 0? If it is true, compare β(C) to µ(C) in Theorem 1.1. 2. Let D 0 be the set of square-free positive integers. Estimate the asymptotic behavior of #{d
Based on experimental results, Cohen-Lenstra [CL] conjectured that
for an odd prime p. It has been proven that
n is prime, [Mu] ), x 1/n−ǫ , (n is an integer, [Yu] ),
On the other hand, we computed the following values.
The results for p = 3, 5, 7, 11 and x < 3 × 10 6 is as follows. 
Estimate the asymptotic behavior of #{d
Gauss conjectured that there are infinitely many d ∈ D 0 with h(D) = 1, and CohenLenstra [CL] gave more precise conjecture as follows. Note that h(D) is odd if and only if D is prime and is equivalent to 1 modulo 4. Experimentally, the number of class number one primes p with p < x is not small. However, when we count it by "ǫ(p) < x", the situation is very different. The following table is the list of class number one primes and the number of them. 1109,3989,353,1949,997,1733,1973,4517,2621,7013,9173 10 12 84 1061,2333,4133,1301,2789,421,5309,877,3677,3461,10853,2141 Here ω (1) (x) is the number of primes p with h(p) = 1 and ǫ(p) < x. While the data is not necessarily enough, we can guess that it increases in logarithmic order. The situation that the discriminants D with class number one are rare, if D is arranged according to ǫ(D), can be explained in the following rough (not strict) argument.
